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Abstract 

The Lax operators of the Benney type equations are studied on the 
circle. The vectors fields of the Lax operators are showed to commute 
with each other 

1 The injectivity for the Lax opera- 
tors C 

The operator C of can have the decomposition: 

£ = L + ^£ X , 

A 

C\ = 52Md + \)- 1 ii>x, i , 

i 

with <t>\i,il>xi € U n Ker(T—XI) n , T is the translation, / is the identity. 

d- 2 = d^d- 1 = d-^drfd- 1 = td- 1 - d'H. 

A first question is the one of injectivity. 
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Theoreme 1.1 . 

A 

It is possible to make the choice of analytic functions around the 
unity circle. The injectivity can then be proved. 

A 

£a = E</>a,i<9~Va,j, 

i 

chosing a free family in U n ker(T — XI) n , it give: 

A,i 

so for all n, 

A,i 

Using the Wronskian, it is then possible to show injectivity. 

2 The product of two operators 

It is possible to write generically: 

£ = A- X B = B'A'- 1 . 

It must be showed: 

ipx4>» G U u Ker(T - A _1 /x/) n . 
The product £ 2 can have the same form. 

a(8 + A) _1 6.c(8 + fi) _:l d = 

= a(<9 + A)~ x [d, J be] {d + ^y l d = 



o(t + l) = e x a(t), 
b(t + l) = e~ x b(t), 
c(t + l) = e^c(t), 
d(t + l) = e-i*d(t). 

ad-'id, (j X bc)^ x ]d- 1 d = 

/X rx 

Definition 2.1 . An operator is of type A if: 

i 

with 4>i e U n Ker(T - A/) n , ^ € U n Ker(T - \~ l I) n . 

With this definition, A is of type A and B of type /x implies that 
AB = C + D with C of type A, D of type //. 

Proposition 2.1 . Ze£ C be a Lax operator Z periodic, then: 
£■ = L + ^^>x,id~^x,u 

i 

with: 

4>x,i E U n Ker(T - M) n , 
il>x,i € U n Ker(T - A" 1 /)™. 
^4nc? f/ie product of two such operators CM. has the same form. 

3 The vectors fields of the Lax opera- 
tors C 

Definition 3.1 . Vectors fields of the Lax operators C are defined as: 

d x ,iC=[C\,C}. 
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3.1 The phase space 

Let C\ be the Lax operator corresponding with A. 

i 

with: 

deg((f)x,i) + deg{ijjx,i < N x . 

/x 

of degree deg(4>^) + N\ + 1. 

3.2 The commutativity 

Theoreme 3.1 . There is commutativity of the vectors fields: 

\d x -c x ,d^-c^] = o. 

Proof: 

it must be showed: 

d x {C li )-d ll {C x ) = [C x ,C li \. 

= (d\£)p = ([£a,£ m ])m> 

5 M (£) A = (<9 M £) A = {[C mu ,£\])x, 

- d^Cx) = {[Lx,^\)it + ([A,^1)a- 
(9 Ai ^V = [(£ i ) A ,£^ = 

= ^£ fe (9 A , l £)^- 1 - fe . 

If A ^ 
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If A = n, 

([4,^] + [(4,4]) A = 

u^X 

(^')a])a + ([4 (#)a])a = ([(/?)>, (£i) A ]) A . 

i/^A 

3.3 The Hamiltonians 

^A =^24>x,id~ 1 tpx,i, 

i 

with: 

^ € Ker(T - M) n , 

res(Cx) = / V^.i^.i. 

With the choice of C Z periodic, the £a are Z periodic. 

AC = £, A T £ = £ T , 



gives: 
If L = 0. 

equivalent with: 



A = A T ,B = B 1 



C = A- 1 B X + A B, 



B = AB\ + CB. 

~-i 

A X A =A~ l C. 

AA\ = CA. 
B = AB\ + CA. 

A = CA has for zeros 4>\ j, and A* = A C* has for zeros 
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